We provide a new class of entanglement witnesses for d ⊗ d systems (two qudits). Our construction generalizes the one proposed recently by Jafarizadeh et al. for d = 3 and d = 4 on the basis of semidefinite linear programming. Moreover, we provide a new class of PPT entangled states detected by our witnesses which generalizes well known family of states constructed by Horodecki et al. for d = 3.
Introduction
In recent years, due to the rapid development of quantum information theory [1] the necessity of classifying entangled states as a physical resource is of primary importance. It is well known that it is extremely hard to check whether a given density matrix describing a quantum state of the composite system is separable or entangled. There are several operational criteria which enable one to detect quantum entanglement (see e.g. [2] for the recent review). The most famous Peres-Horodecki criterion is based on the partial transposition: if a state ρ is separable then its partial transposition ρ Γ = (1l ⊗ T)ρ is positive. States which are positive under partial transposition are called PPT states. Clearly each separable state is necessarily PPT but the converse is not true. We stress that it is easy to test wether a given state is PPT, however, there is no general methods to construct PPT states.
The most general approach to characterize quantum entanglement uses a notion of an entanglement witness (EW) [3, 4, 5] . A Hermitian operator W defined on a tensor product H = H1 ⊗ H2 is called an EW iff 1) Tr(W σsep) ≥ 0 for all separable states σsep, and 2) there exists an entangled state ρ such that Tr(W ρ) < 0 (one says that ρ is detected by W ). It turns out that a state is entangled if and only if it is detected by some EW [3] . There was a considerable effort in constructing and analyzing the structure of EWs [6] - [21] . However, there is no general method to construct such objects.
The simplest way to construct EW is to define W = P + Q Γ , where P and Q are positive operators. It is easy to see that Tr(W σsep) ≥ 0 for all separable states σsep, and hence if W is non-positive, then it is EW. Such EWs are said to be decomposable [6] . Note, however, that decomposable EW cannot detect PPT entangled state and, therefore, such EWs are useless in the search for bound entangled state. Unfortunately, there is no general method to construct non-decomposable EW (nd-EW) and only very few examples of nd-EWs are available in the literature.
In the present paper we provide a class of nd-EWs for d ⊗ d systems. Our construction generalizes the one proposed recently by Jafarizadeh et al. [21] for d = 3 and d = 4 on the basis of semidefinite linear programming. Moreover, we provide a new class of PPT entangled states detected by our witnesses which generalizes well known family of states constructed by Horodecki et al. for d = 3 [22] .
The paper is organized as follows: in the next section we introduce a class of circulant operators [23] (see also [24] for more abstract discussion). It tirns out that circulant operators defines a natural arena for constructing interesting classes of bi-partite quantum states and the corresponding EWs. Section 3 provides the basic construction of EWs. Then in section 4 we show that our witnesses are non-decomposable by providing a family of PPT entangled states detected by our witnesses. A brief discussion is included in the last section.
Circulant operators for two qudits
Consider a class of linear Hermitian operators in C d ⊗ C d constructed as follows: let {|0 , . . . , |d− 1 } denotes an orthonormal basis in C d and let S :
One introduces the following family of d-dimensional subspaces in
and
It is clear that Σm and Σn are mutually orthogonal for m = n and hence the collection {Σ0, . . . ,
Following [23] we call (4) a circulant decomposition. Now we construct a circulant Hermitian operator corresponding to the circulant decomposition (4). Let us introduce a set of
, and define Hermitian operators An supported on Σn via the following formula
Finally, we define the circulant Hermitian operator
Note, that if all An are semipositive definite and Tr A = 1, then A defines a legitimate quantum state of two qudits called circulant state [23] . Interestingly, many well known examples of quantum states of composite d ⊗ d systems belong to this class (see [23, 24] for examples).
The crucial property of circulant operators is based on the following observation: the partially transposed circulant operator A displays similar circulant structure, that is,
where the Hermitian operators An are supported on the new collection of subspaces Σn which are defined as follows:
where π is a permutation defined by
The remaining subspaces Σn are defined by a cyclic shift
Again, the collection { Σ0, . . . ,
Moreover, operators An are defined as follows
with
where Π is a permutation matrix corresponding to π, that is
and a • b denotes the Hadamard product of d × d matrices a and b, that is, (a • b)ij = aijbij [25] .
Entanglement witnesses for d ⊗ d systems
Following [21] one constructs the following circulant operators in
for n = 1, . . . , d − 1. Note that Oα defines a normalized, i.e. TrOα = 1, projector onto Σα. Finally, let P + d denotes the projector onto the maximally entangled states in
Note that OmOn = 1 d δmnOm, and OmP
Let us consider the following family (parametrized by α) of circulant Hermitian operators
together with
where P denotes permutation (flip/swap) operator defined by
One easily finds
with π defined in (9) . Moreover, PP
Note that for d = 3 and d = 4 one recovers Eqs. (17) and (38), respectively, from Jafarizadeh et al. [21] . Note that using (18) one obtains a simplified formulae
Hence, up to a factor µ = 2 − 
that is,
Clearly, one obtains W ′ α by interchanging a1 and a d−1 . Unfortunately, we do not know necessary and sufficient conditions for W[a0, a1, . . . , a d−1 ] to be entanglement witness. Clearly, a0, . . . , a d−1 ≥ 0. Moreover, one easily shows that necessarily
Indeed, taking ψ =
Finally, W[a0, a1, . . . , a d−1 ] becomes a positive operator if and only if a0 ≥ d − 1. Hence, necessarily
The problem is completely solved only for d = 3 [27] . In this case apart from (29) and (30) one has an additional condition which says that if a0 ≤ 1, then
Moreover, for d = 3 we know that an entanglement witness W[a0, a1, a2] is non-decomposable if and only if [27] a1a2 < (2 − a0)
For d > 3 we know only special cases when W[a0, a1, . . . , a d−1 ] defines an EW. In particular it is well known [28] (see also [14, 15] 
Consider now a family of Hermitian operators defined in (27) . Note that
and hence the necessary condition (29) to be an EW is satisfied. Now, to satisfy (30) one finds α > 1 d
. Let us observe that a convex combination
defines an EW for any a1 ∈ (0, 1]. Now, the condition a1
. Hence, we have shown that for any
the corresponding operator Wα defines an EW. Let us observe that for d = 3 formula (35) reproduces analytical result α ∈ ( ] from Jafarizadeh et al. [21] . Note, however, that for d = 4 the numerical result α ∈ ( ].
A family of 2-qudit states
In this section we show that whenever α satisfies (35) then Wα and W ′ α are non-decomposable EW. In order to show it one has to construct a PPT entangled state ρ such that Tr(Wαρ) < 0. Consider the following family of circulat 2-qudit states
with λn ≥ 0, and λ1 + . . .
Let us take the following special case corresponding to
The parameter β ∈ [0, (d − 1) 2 + 1]. One has
It is easy to see that a state ρ defined by (39) is PPT iff
. It gives the following condition for the parameter β
Note, that for d = 3 formula (36) with λs defined in (39)
reproduces well know family of Horodecki states [22] , and (43) 
a state ρ is PPT entangled.
Conclusions
We provide a new class of non-decomposable entanglement witnesses for d ⊗ d systems (two qudits). Our construction generalizes the one proposed recently by Jafarizadeh et al. [21] for d = 3 and d = 4 on the basis of semidefinite linear programming. We stress that for d = 3 we recover analytical result of [21] . However, for d = 4 our analytical result slightly improves numerical result of [21] . As a byproduct, we provided a new class of PPT entangled states detected by our witnesses which generalizes well known family of states constructed by Horodecki et al. for d = 3 [22] . For the experimental realization of entanglement witnesses Wα and W ′ α discussed in this paper one can use for example the generalized Gell-Mann matrix basis (see e.g. [29, 30] ) consisting in the following set of Hermitian matrices: symmetric
antisymmetric
and diagonal
the above set reconstructs the standard 3 × 3 Gell-Mann matrices. Let us observe that in this case Gell-Mann matrices may be defined in terms of spin-1 operators
One finds the following relations [30] 
